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Power-Law Shaped Leading Edges in Rare� ed Hypersonic Flow
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A numerical study is reported on power-law shaped leading edges situated in a rare� ed hypersonic � ow. The
work is motivatedby interest in investigating the � ow� eld properties of power-law shaped leading edges as possible
candidates for bluntingthe geometry of hypersonic leading edges. The sensitivity of both the � ow� eld structure and
surface quantities to shape variations of such leading edges is calculated by using a direct simulation Monte Carlo
method. Particular attention is focused on the pressure gradient along the body surface and on the heat transfer
to the body. Calculations showed that the pressure coef� cient for the � ow conditions considered is in surprising
agreement with that obtained by simple Newtonian theory, which predicts that a class of power-law shapes exhibits
aerodynamic behavior different from that expected for classical blunt shape. Simulations also showed that the
stagnation point heating on power-law leading edges with a � nite radius of curvature follows the same relation
as that for classical blunt body. However, for those leading edges with zero radii of curvature, the heat transfer
behavior follows another pattern in the vicinity of the stagnation point, reaching a � nite value exactly at the nose.

Nomenclature
a = constant in power-law body equation
cd = total drag coef� cient, 2F=½1U 2

1 H
c f = skin-friction coef� cient, 2¿w =½1U 2

1
ch = heat transfer coef� cient, 2qw=½1U 3

1
cp = pressure coef� cient, 2.pw ¡ p1/=½1U 2

1
F = total drag force, N
H = body height at the base, m
K n1 = freestream Knudsen number
L = body length, m
M1 = freestream Mach number
n = body power-law exponent, number density
p1 = freestream pressure, N/m2

q = heat � ux, W/m2

R = circular cylinder radius, m; gas constant, J/kmol ¢ K
Rc = radius of curvature, m
Re1 = freestream Reynolds number
S1 = freestream molecular speed ratio
s = arc length, m
Tw = wall temperature,K
T1 = freestream temperature, K
U1 = freestream velocity, m/s
uw = velocity slip, m/s
v = normal velocity, m/s
x; y = Cartesian axis in physical space
1t = time step, s
´ = coordinate normal to body surface
µ = wedge half-angle, body slope angle, deg
¸1 = freestream mean free path, m
¹1 = freestream viscosity, Ns/m2

½1 = freestream density, kg/m3

¿ = body slenderness parameter, H=L
¿w = shear stress, N/m2
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Introduction

F OR � ight at hypersonic speeds, the vehicle leading edges must
be suf� cientlyblunt to reducetheheat transferrate to acceptable

levels and possibly to allow for internal heat conduction. The use
of blunt-nosed shapes tends to alleviate the aerodynamic heating
problem because the heat � ux for blunt bodies scales inversely with
the square root of the nose radius. In addition, the reduction in
heating rate for a blunt body is accompanied by an increase in heat
capacity,due to the increasedvolume.Because the stagnationregion
is generallythemost thermallystressedzone, thisparticularregion is
of considerablepractical,as well as theoretical,interest.Designinga
hypersonicvehicle leadingedge involvesa tradeoffbetweenmaking
the leadingedge sharpenoughto obtainacceptableaerodynamicand
propulsion ef� ciency and blunt enough to reduce the aerodynamic
heating in the stagnation region.

The study of a hypersonic blunt-body � ow� eld has been of in-
terest for several decades. Numerous studies1¡13 have been done
with the power-law form, y » xn , 0 < n < 1, representingblunt ge-
ometries. The major interest had focused on � nding solutions to the
hypersonic small disturbance form of the inviscid adiabatic-�ow
equations.

The equations of motion for hypersonic � ow over slender bod-
ies can be reduced to a simpler form by incorporating the hyper-
sonic slender-body approximations.14 The reduced equations are
valid provided that ¿ 2 ¿ 1 and (M1¿/¡2 is not near one, where
M1 is the freestream Mach number and ¿ is a slenderness pa-
rameter. By using the hypersonic slender-body approximations,
Yasuhara1 obtained a similar solution of the hypersonic viscous
� ow past an axisymmetric power-law body for a special case of
n D 3

4
. This work investigated the slenderness effect of the body

in the region of strong interaction between the boundary layer on
the body surface and the shock wave, which was assumed to be
attached to the nose of the body. The solution is not correct near the
nose where the hypersonic slender-body approximation ¿ 2 ¿ 1 is
violated.

Lees and Kubota2 observed that similarity exists for hypersonic
� ows whenever the shock shape follows a power-law variation with
the streamwise distance, provided that the hypersonic slender-body
equations are considered in the limit as .M1¿ /¡2 ! 0. According
to their work, a detailed study of the equations of motion showed
that � ow similarity is possible for a class of bodies of the form xn ,
provided that 2

3
< n < 1 for a two-dimensional body and 1

2
< n < 1

for an axisymmetricbody.The similaritysolutionsreferredto herein
are solutions for self-similar � ows, that is, � ows in which the � ow-
� eld between the shockwave and thebodycan be expressedin terms

917



918 SANTOS AND LEWIS

of functions that, in suitable coordinates,are independentof one of
the coordinate directions.

Mirels3 discussedat length the applicationof hypersonicslender-
body theory to obtain solutions for power-law bodies in a uni� ed
way. He also presented an analysis of perturbed power-law body
shapes. Freeman et al.4 and Beavers5 have studied experimentally
the hypersonic � ow on axisymmetric power-law bodies. They have
presenteddetailedshock-shapedata for a seriesof power-lawbodies
and registered some disagreement with other experimental results
in the literature. Guiraud et al.6 have discussed at length the ax-
isymmetric � ow around a more extensive class of simple bodies,
that is, axisymmetric power-law bodies in the framework of the hy-
personic slender-bodyapproximationsfor an in� nite Mach number.
Hypersonic � ows around axisymmetric power-law slender bodies
for � nite Mach number and low angleof attackhavebeen studiedby
Merlen and Andriamanalina.9 The results are obtained by applying
a small perturbation expansion of self-similar solutions using the
equivalence principle.

Mason and Lee10 have conducteda study of minimum-drag body
shapes in the supersonicand hypersonic� ow regimes.Their numer-
ical results showed that power-lawbodies can have low-drag shapes
when the exponent n is approximately 0.7. They have suggested
the possibility of a difference between shapes geometrically sharp
(dr=dx 6D 1 at x D 0) and shapes that behave aerodynamicallyas if
they were sharp.Mason and Lee10 showed that theoreticallyderived
supersonicand hypersonicminimum-dragaxisymmetricshapescan
have an angle of the initial slope (dr=dx ! 1) of 90 deg, yet have
zero radiusof curvature.Therefore, they are geometricallyblunt.By
performing a Newtonian � ow analysis on axisymmetric power-law
bodies, Mason and Lee11 further improved the meaning of aero-
dynamically, as opposed to geometrically, sharp and blunt shapes.
They showed that, for values of 0 < n < 1

2 , the leading-edge radius
of curvature goes to in� nite at the nose, a characteristic of a blunt
body. For values of 1

2 < n < 1, the leading-edge radius of curvature
approacheszero at the nose, a characteristicof a sharpbody.For val-
ues of 2

3 < n < 1, the computational investigation predicts that the
derivative of the pressure coef� cient with respect to the arc length
dcp=ds ! ¡1 at the nose, a characteristicof a sharp body. In this
way, there is a class of body shapes given by 1

2 < n < 2
3 , for which

the leading edge may behave aerodynamically like a blunt body,
even though the leading-edgeradius of curvature is zero, as well as
another class given by 2

3
< n < 1, for which the leading edge may

behave like aerodynamicallysharp bodies.
Merlen et al.12 have studied waverider con� gurations derived

from hypersonic � ows around axisymmetric power-law bodies at
low angle of attack. Their solutions were obtained in the frame-
work of the hypersonic small-disturbance theory. Finally, O’Brien
and Lewis13 have investigated power-law shaped leading edges for
possible use on hypersonic waverider vehicles. A numerical anal-
ysis was performed considering a two-dimensional inviscid � ow.
Results were compared to a corresponding circular cylinder to de-
terminewhich geometrywould be better suitedas a bluntingpro� le.
Their analysis showed that circular cylinders provide smaller shock
standoff and drag for equivalent stagnation point heating under the
range of conditions investigated.

The purposeof this paper is to investigatethe effect of the power-
law exponent on the � ow� eld structure and on the surface quanti-
ties over such leading edges. The � ow conditions represent those
experienced by a spacecraft at altitude of 70 km. This altitude is
associated with the transitional regime that is characterized by the
Knudsen number K n of the order of 10¡2 or larger. In such a cir-
cumstance, the degree of molecular nonequilibriumis such that the
Navier–Stokes equations are inappropriate. In the current study, a
direct simulation Monte Carlo (DSMC) method is used to calculate
the rare� ed hypersonic two-dimensional � ow. Attention will be ad-
dressed to the analysis of the pressure gradient along the surface
and the stagnation point heating.

Leading-Edge Geometry De� nition
In dimensional form, the body power-law shapes are given by the

following expression:

Table 1 Characteristics dimensions
of the power-law shapes

n a, m1 ¡ n L , m ¿

1
2 4:16711£ 10¡2 1:39628£ 10¡2 0.705
0.6 5:72571£ 10¡2 1:67554£ 10¡2 0.588
2
3 7:00993£ 10¡2 1:86171£ 10¡2 0.529
0.7 7:73661£ 10¡2 1:95479£ 10¡2 0.504
3
4 8:94383£ 10¡2 2:09442£ 10¡2 0.470
0.8 1:03049£ 10¡1 2:23404£ 10¡2 0.441

Fig. 1 Leading-edge geometry.

y D axn (1)

where a is the power law constant that is a function of n.
The power-law shapes are modeled by assuming a sharp leading

edge of half-angle µ with a circular cylinder of radius R inscribed
tangent to this wedge. The power law shapes, inscribed between
the wedge and the cylinder, are also tangent to the wedge and the
cylinder at the same common point,where they have the same slope
angle. It is assumed a wedge half-angleof 10 deg, a circular cylinder
diameter of 10¡2m, and power-law exponents of 1

2 , 0.6, 2
3 , 0.7, 3

4 ,
and 0.8. Figure 1 illustrates this construction schematically for the
range to be investigated in this work.

From geometric considerations, the power-law constant a, the
body height H and the body length L are obtained by matching
slope on the wedge, circular cylinder, and power-law body at the
tangency point. The common body height H at the tangency point
is equal to 2R cos µ . In this way, for the six power-law exponents
to be investigated in this work, the power-law constant a, the body
length L, and the body slendernessparameter¿ are listed in Table 1.

Computational Method and Procedure
The DSMC method is now a well-established technique. It has

been recognized as an extremely powerful technique capable of
predicting an almost unlimited variety of rare� ed � ow� elds in the
regimes where neither the Navier–Stokes nor the free-molecularap-
proaches are appropriate.The DSMC algorithm used in the current
study is built around the same basic physical concepts as described
by Bird.15 In this study, the molecular collisions are modeled us-
ing the variable hard sphere (VHS) molecular model16 that treats
molecules as hard spheres as far as the scattering angle distribution
is concerned,but in which the collisioncross section dependson the
relativespeedof collidingmolecules.The energyexchangebetween
kinetic and internal modes is controlled by the Borgnakke–Larsen
statistical model.17 The simulations are for low-energy � ow condi-
tions where there are no chemical reactions.Therefore, simulations
are performed using a nonreactive air as working � uid, with two
chemical species, N2 and O2 .

The probability of an inelastic collision determines the rate at
which energy is transferred between the translational and internal
modes after an inelastic collision. For a given collision, the prob-
abilities are designated by the inverse of the relaxation numbers,
which correspond to the number of collisions necessary, on aver-
age, for a molecule to relax. The relaxationnumbers are assumed to
be constant, on the order of 5 for rotation and 50 for vibration.The
vibrational temperature is controlled by the distribution of energy
between the translational and rotational modes after an inelastic
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collision. The mechanics of vibrational energy exchange are also
computed by the Borgnakke–Larsen17 approach with the postcol-
lision vibrational energy levels sampled from the discrete form of
the simple harmonic oscillator.15 The freestream coef� cient of vis-
cosity ¹1 and freestream mean free path ¸1 are evaluated from a
consistent de� nition18 by using the VHS collision model with the
temperature exponents equal to 0.74 and 0.77 for N2 and O2 , re-
spectively. Diffuse re� ection with full thermal accommodation is
assumed for the gas–surface interaction.

The computational domain used for the calculations is large
enoughso that body disturbancesdo not reach the upstreamand side
boundaries,where freestreamconditionsare speci� ed.The � ow� eld
is divided into a number of regions, and each one of them has a sep-
arate value of time step 1t and scaling factor FN , which relates the
numberof realmoleculesto thenumberofcomputationalmolecules.
The ratio of these two quantities is the same in every region. The
number of regions differs for each power-law exponent n investi-
gated. The cell dimensions must be such that the change in � ow
propertiesacross each cell is small; hence, the cell dimension is less
than the localmean free path. Each cell is divided into four subcells,
the smallest unit of physical space, where the collision partners are
selected for the establishmentof the collision rate. Also, time is ad-
vanced in discrete steps such that each step is small in comparison
with the mean collision time. A view of the computational domain
is depicted in Fig. 2. Advantage may be taken of the � ow symmetry
to reduce the computationaldomain.Therefore,only one-half of the
body needs to be considered.The grid generationscheme, the effect

Table 2 Freestream conditions and � ow parameters

Parameter Value

Working � uid N2 C O2
Altitude 70 km
Temperature T1 220.0 K
Pressure p1 5.582 N/m2

Density ½1 8:753£ 10¡5 kg/m3

Viscosity ¹1 1:455£ 10¡5 Ns/m2

Number density n1 1:8209 £ 1021 m¡3

Velocity U1 3.56 km/s
Molecular weight 28.96 kg/kg mole
Molecular mass O2 5:312£ 10¡26 kg
Molecular mass N2 4:65 £ 10¡26 kg
Molecular diameter O2 4:01 £ 10¡10 m
Molecular diameter N2 4:11 £ 10¡10 m
Mole fraction O2 0.237
Mole fraction N2 0.763
Degree of freedom O2 5
Degree of freedom N2 5
Viscosity index O2 0.77
Viscosity index N2 0.74
Mean free path ¸1 9:03 £ 10¡4 m
Reynolds number Re1 21455 m¡1

Mach number M1 12
Knudsen number Kn1 0.0903
Molecular speed ratio S1 9.4

Fig. 2 Schematic of the computational domain.

of grid resolution, and the complete validationprocess employed in
this study are described in detail in Ref. 19.

The freestream and � ow conditions used in the present calcula-
tions are those given by Bertin20 and summarized in Table 2. The
freestreamvelocityU1 is assumed to be constantat 3.5 km/s, which
corresponds to freestream Mach number M1 D 12. The wall tem-
perature Tw is assumed constant at 880 K, chosen to be four times
the freestream temperature.The overall Knudsen number is de� ned
as the ratio of the molecular mean free path in the freestreamgas to
a characteristicdimension of the � ow� eld. In the present study, the
characteristic dimension was de� ned as being the diameter of the
circular cylinder. Therefore, the freestreamKnudsen number corre-
sponds to K n1 D 0:0903. Finally, the freestreamReynolds number
per unit meter Re1 is 2:1455£ 104 .

Computational Results and Discussion
Attention is now focused on the � ow� eld properties and sur-

face quantities calculations obtained from the DSMC results. The
simulations were performed, as mentioned earlier, for power-law
exponents of 1

2
, 0.6, 2

3
, 0.7, 3

4
, and 0.8. The present calculations

correspond to freestream Mach number of 12, wall temperature of
880 K, and freestreamconditions associated to an altitude of 70 km
(Table 2).

Flow� eld Structure
Normal velocitypro� les along the stagnationstreamlineand their

dependenceon the power-lawexponentare illustratedin Fig. 3. The
normal velocity pro� le for the circular cylinder case is also shown
in Fig. 3. Each pro� le has been taken through cell centroids that lie
very close to the stagnation line and, therefore, can be considered
as being along the stagnation streamline. In this case ´=¸1 is the
dimensionless distance away from the body (Fig. 2). In Fig. 3, the
normal velocity v is expressedas a fraction of the freestreamveloc-
ity U1. As can be seen, these pro� les show a gradual merging of
the shock layer and shock wave with a decrease in the power-law
exponent n. As n increases, the velocity pro� le becomes steeper,
indicating that the shock structure becomes thinner. For instance,
the velocity reduction at a distance of one freestream mean free
path ¸1 upstream of the leading edge is around 90% for the circular
cylinder,60% for the n D 1

2 case, and only 10% for the n D 0:8 case.
When rare� ed � ows are simulated, the computational � ow do-

main must extend far enough upstream of the body to provide
ample opportunity for freestream molecules to interact with those
molecules that have re� ected from the body and are diffusing into

Fig. 3 Dimensionless normal velocity pro� les along the stagnation
streamline for the circular cylinder and for various power-law leading
edges.
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Fig. 4 Dimensionless velocity slip pro� les along the body surface for
the circular cylinder and for various power-law leading edges.

the � ow. Insuf� cient upstream domain size leads to overprediction
of aerodynamicheating and forces.21 Figure 3 demonstrates that the
shapeof the leading edge in� uences the � ow� eld far upstream.This
domainof in� uenceincreaseswith decreasesin the power-lawexpo-
nent.This in� uence is still strongerfor the circularcylinderbecause
it is blunter than the power-law leading edges. This behavior results
from the upstream diffusion of particles that are re� ected from the
nose of the leading edge. Therefore, blunting the nose of the lead-
ing edge (decreasing n) leads to a signi� cantly larger disturbance
upstream of the body.

Figure 4 presents the velocity slip uw , normalized by the
freestreamvelocity, along the body surface as a functionof the body
slope angle µ (see Fig. 2). It is seen that velocity slip increases from
zero at the stagnation point up to a maximum value at µ ¼ 20 deg,
which is a function of the power-law exponent. For the n D 1

2 case,
the � ow expands slowly, and the maximumvelocityslip is 6% of the
freestreamvelocity.For the n D 0:8 case, the maximum velocity slip
is 12% of the freestreamvelocity.Hence, theouterextentof the � ow-
� eld disturbanceabove the surface is much smaller for a power-law
exponentof 0.8 than that for 1

2
. Note that as the power-lawexponent

increases, the position of the maximum value is displaced closer to
the stagnationpoint. As a reference, in terms of arc length along the
body, the station µ ¼ 20 deg corresponds to s=¸1 ¼ 5:0 and 0.7 for
power-law exponents of 1

2
and 0.8, respectively.Therefore, for the

power-law exponent of 0.8, the maximum velocity slip takes place
one order of magnitude closer to the stagnationpoint, as compared
to the n D 1

2 case.
Density pro� les along the stagnation streamline for the circular

cylinder and the power-law leading edges are plotted in Fig. 5. The
predictions of density for the circular cylinder and all of the power
law exponents investigated show no sign of a discrete shock wave.
Instead, there is a continuous rise in density from the freestream to
thebody,risingto well abovethecontinuuminviscidlimit.As a point
of reference, the Rankine–Hugoniot relations give a postshockden-
sity that corresponds to the ratio ½=½1 D 5:8 for a freestreamMach
number of 12. Near the stagnation point (´=¸1 D 0), a substantial
density increase occurs that is a characteristic of hypersonic cold-
wall � ows.21 In a typical entry � ow, the body surface temperature
is low compared with the stagnation temperature. The low ratio of
these two temperatures leads to a steep density gradient near the
body surface. For the present simulation, the ratio of wall tempera-
ture to stagnationtemperature is 0.13. It can be observed from these
density pro� les that density rises gradually as the � ow approaches
the body, indicating the diffuse nature of the shock wave that is a
characteristic of highly rare� ed � ows. For the � ow conditions in

Fig. 5 Dimensionless density pro� les along the stagnation streamline
for the circular cylinder and for various power-law leading edges.

Fig. 6 Dimensionlesskinetic temperature pro� les alongthe stagnation
streamline for the circular cylinder.

the present simulation, the free molecular � ow equations15 give a
density ratio of 9.89 at the stagnation point. Note that the density
ratio for the n D 0:8 case is approaching the free-molecular value
at the stagnation point. The density domain of in� uence upstream
of the body is smaller than that for the velocity. Also, much of the
density increase in the shock layer occurs after the temperature has
reached its postshock value.

Figures 6–8 display the kinetic temperature pro� les, normalized
by the freestream temperature T1 , for the circular cylinder and
power-law exponents of 1

2
and 0.8, respectively. From Figs. 6–8,

thermodynamic nonequilibrium is observed throughout the shock
layer, as shown by the lack of equilibrium of the translational and
internalkinetic temperatures.Thermal nonequilibriumoccurs when
the temperatures associated with the translational, rotational, and
vibrational modes of a polyatomic gas are different. The overall
kinetic temperature shown is de� ned for a nonequilibrium gas as
the weighted mean of the translational and internal temperatures.15
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Fig. 7 Dimensionlesskinetic temperature pro� les alongthe stagnation
streamline for the n = 1

2 case.

Fig. 8 Dimensionlesskinetic temperature pro� les alongthe stagnation
streamline for the n = 0.8 case.

Note that the idealgasequationof statedoes not apply to this temper-
ature in a nonequilibriumsituation. The overall kinetic temperature
is equivalent to the thermodynamictemperature only under thermal
equilibrium conditions.

According to Figs. 6–8, it can be seen that the temperature pro-
� les for the power-law leading edges follow the same trend as those
presented by the circular cylinder. In the undisturbedfreestreamfar
from the body, the translational and internal temperatures have the
same value and are equal to the thermodynamictemperature.When
the nose of the body is approached, the translational temperature
rises to well above the rotational and vibrational temperatures and
reaches a maximum value that is a function of the power-law ex-
ponent n. Near the nose of the body, the translational temperature
decreasesand reaches a value on the wall that is above the wall tem-
perature, resulting in a temperature jump as de� ned in continuum
formulation.22 The temperature jump increases as the power-law
exponent increases.

Fig. 9 Dimensionlesspressure pro� les along the stagnationstreamline
for the circular cylinder and for various power-law leading edges.

The substantial rise in translational temperature occurred before
the density rise (see Fig. 5), a characteristic feature of a rare� ed
hypersonic shock wave.23 For instance, the translational temper-
ature reaches the maximum value at a distance of ¸1 from the
nose of the leading edge for a power-law exponent of 1

2 (Fig. 7),
whereas the densityratio has increasedbyonly a factorof about two.
The initial translationaltemperature rise results from the essentially
bimodal velocity distribution, the molecular sample consisting of
mostly undisturbedfreestream molecules along with the molecules
that have been affected by the shock and re� ected from the body. In
this way, the translational temperature rise is a consequenceof the
large velocity separation between these two classes of molecules.
The bimodal velocity distribution was pointed out by Liepmann
et al.24 The difference between translational temperature and the
internal temperature at the stagnationpoint also indicates that ther-
modynamic equilibrium is not achieved in the boundary layer. The
difference between the temperature components in the shock layer
decreases at a lower power-law exponent n because the collision
rate increases due to the higher density (see Fig. 5). The vibrational
temperature increases much more slowly as the power-law expo-
nent increases. As this process is density dependent, the difference
between the translational temperature and vibrational temperature
increases as the power-law exponent increases.

Pressure pro� les along the stagnation line are shown in Fig. 9
for the circular cylinder and for the power-law shapes. In Fig. 9,
pressure is normalized by the freestream pressure p1 . As can be
seen, there is a continuous rise in pressure from the freestream up
to the nose of the power-law leading edges. Near the stagnation
point, a substantial pressure increase occurs. This pressure increase
is a function of the power-law exponent n. Greater n corresponds
to a lower pressure value at the stagnation point. Also, note that, as
the power-law exponent decreases, the pressure tends to a constant
value close to the stagnationpoint. The extent of the upstream � ow-
� eld disturbance for pressure is signi� cantly different from those
presented by density and temperature. The domain of in� uence for
pressure is higher than that for density and lower than that pre-
sented for temperature. Similar to the density,much of the pressure
increase in the shock layer occursafter the translationaltemperature
has reached its postshock value.

Surface Quantities
The pressure pw on the body is calculated by averaging the nor-

mal momentum transfer of the molecules impinging on the surface.
Results are presented in terms of the dimensionless pressure coef-
� cient cp and the dimensionless distance s=¸1 along the surface,
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Fig. 10 Pressure coef� cient as a function of the arc length for the
circular cylinder and for various power-law leading edges.

measured from the stagnationpoint.The effect of the power-lawex-
ponent on the pressurecoef� cient obtainedwith a DSMC method is
illustratedin Fig. 10 forpower-lawexponentsof 1

2 , 0.6, 2
3 , 0.7, 3

4 , and
0.8. For comparison purposes, Fig. 10 also illustrates the pressure
coef� cient for the circular cylinder case and the pressurecoef� cient
predicted by Newtonian theory for power-law exponents of 1

2 and
0.8. Symbols correspondto the DSMC results,and lines to the New-
tonian results. For the n D 1

2 case, the pressure coef� cient obtained
by DSMC simulations agrees with that by Newtonian theory in the
vicinity of the nose, that is, by a distance around a freestream mean
freepath ¸1 . For the othercase shown, the n D 0:8 case, the pressure
coef� cient obtained by the Newtonian theory is lower than that ob-
tained by the DSMC simulations along the arc length investigated.
Typically, the Newtonian � ow theory underpredicts the pressure on
two-dimensional thin body � ow� elds.

Another important feature of the pressure coef� cient is related
to the pressure coef� cient gradient dcp=ds along the arc length as
the arc length goes to zero. According to Mason and Lee,11 by the
use of Newtonian theory, the pressure coef� cient gradient dcp=ds
goes to zero for n < 2

3 , a characteristicof a blunt body. The pressure
coef� cient gradient is � nite for n D 2

3 and goes to minus in� nite
for n > 2

3 , a characteristic of a sharp body. In this way, there is a
region, de� ned by 1

2
< n < 2

3
, where the pressure gradient behaves

as if the body were a blunt one, in spite of the leading edge having
a zero radius of curvature.The pressure gradient might be obtained
from the curves presented in Fig. 10 by a curve-� tting process.
However, the derivative of the solution yielded by the curve � tting
may result in a wrong conclusion. To avoid this possible error, a
differentprocedurehas been adopted here. The pressure coef� cient
gradient along the arc length may be obtained by

dcp

ds
D

dcp

dµ
¢

dµ

ds
D

dcp=dµ

ds=dµ
(2)

By the use of the de� nition of the arc length, the de� nition of
the body slope, along with Eq. (1), ds=dµ results in the following
equation:

ds

dµ
D ¡ .an/1=.1 ¡ n/

.1 ¡ n/

.cosµ /.2n ¡ 1/=.1 ¡ n/

.sin µ/.2 ¡ n/=.1 ¡ n/
(3)

The pressure coef� cient shown in Fig. 10 as a function of the
dimensionless arc length s=¸1 is presented in Fig. 11 as a function
of the body slope angle µ , which changes from 90 deg at the nose
of the leading edge to 10 deg at the tangency point (see Fig. 1).

Fig. 11 Pressure coef� cient as a function of the body slope angle for
the circular cylinder and for various power-law leading edges.

Plotted along with the DSMC solutions are the pressure coef� -
cients predictedby the Newtonian theory and by the free-molecular
� ow. Plotted in this way, the pressure coef� cients predictedby both
Newtonian theory and free-molecular � ow are independent of the
power-law exponent, and they represent any geometry where the
body slope angle changes from 90 deg at the nose to 10 deg down-
stream of the nose. Also, note that the DSMC solutions are between
these two limits in the vicinity of the nose. As the power-law expo-
nent increases,the pressurecoef� cient approachesthat predictedby
the free-molecular � ow. Furthermore, these two limits are obtained
by an explicit relation for cp . Consequently, explicit relations for
dcp=dµ are obtained to investigate dcp=ds in Eq. (2). The pressure
coef� cient on the body surface given by the free-molecular � ow
analysis15 is as follows:

cp D
¡
1
¯

S2
1

¢nh
z
¯p

¼ C 1
2
.Tw=T1/

1
2

i
exp.¡z2/

C
h

1
2

C z2 C 1
2
.Tw=T1/

1
2
p

¼z

i
[1 C erf.z/] ¡ 1

o
(4)

where z D S1 sin µ and S1 DU1=
p

.2RT1/ is the molecularspeed
ratio.

As a result, dcp=dµ is given by the following equation:

dcp

dµ
D 1

S1

(
2

p
¼

exp.¡z2/

C

"

2z C
p

¼

2

³
Tw

T1

´ 1
2

#

[1 C erf.z/]

)

cos µ D C.µ/ cos µ (5)

where C.µ / represents all of the terms inside the brackets divided
by S1.

By the substitutionofEqs. (3) and (5) into Eq. (2), dcp=ds is found:

dcp

ds
D ¡ .1 ¡ n/

.an/1=.1 ¡ n/
¢ C.µ/ ¢ .sin µ/.2 ¡ n/=.1 ¡ n/ ¢ .cosµ /

.2 ¡ 3n/=.1 ¡ n/

(6)
When the limit as µ ! 90 deg is investigated,it is seen that C.µ/ and
sin µ are positive and � nite for 0 < n < 1. Therefore, the exponent
in the cosine term will dictate the behavior of the pressure gradient.
In this way, it is found that the pressure gradient at the nose of
the leading edge goes to zero for n < 2

3 , it is � nite for n D 2
3 , and

it goes to minus in� nite for n > 2
3 . This result is exactly the same

as that predicted by the Newtonian theory. Note that dcp=dµ for
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Fig. 12 Function C(µ) as a function of the body slope angle for power-
law exponents of 1

2 , 2
3 , and 0.8.

Newtonian theory is given by 4 sin µ cosµ , or, in a simpli� ed form,
by C.µ/ cos µ . This simpli� ed form is similar to the term in the
right-hand side of Eq. (5), where the trigonometric term is cos µ .
In conclusion, if the pressure gradients for the two limits shown in
Fig. 11 (i.e., for Newtonian theory and free-molecular � ow) follow
the samebehavior,then it is expectedthat thepressuregradientsfrom
the DSMC results behave in the same manner. In this way, dcp=dµ
might follow the same form as C.µ/ cos µ , where C.µ/ stands for
a generic function. To investigate this behavior further, dcp=dµ for
each leading-edge shape is estimated by assuming the following
equation:

dcp

dµ
¼

1cp

1µ
D

³
1cp

cos µ1µ

´
cosµ D C .µ / cos µ (7)

Hence, if the function C(µ/ for DSMC results, de� ned by the
term inside the bracket, presents the same trend as those for Newto-
nian theory and free-molecular � ow, then dcp=ds will be given by
Eq. (7). Figure 12 presents a comparison of the function C.µ/ for
the computationalresults, the Newtonian theory,and free-molecular
� ow. Although the computational results present � uctuationsas the
body slope angle µ approaches the nose of the leading edge, it is
seen that the curves for C.µ/ clearly suggest that dcp=dµ for the
computational results follows the function C.µ/ cos µ as assumed
in Eq. (7). Consequently, these results appear to show that pressure
coef� cient gradient dcp=ds for the computational results presents
the same trend as those predicted by the Newtonian theory and
free-molecular� ow. Hence, the pressurecoef� cient goes to zero for
n < 2

3
, it is � nite for n D 2

3
, and it goes to minus in� nite for n > 2

3
,

as the body slope angle goes to 90 deg or the arc length goes to
zero. This is an indication that there is a class of power-law shapes,
n > 2

3 , that producesa � ow� eld that does not exhibit classicalblunt-
body behavior and can be considered sharp for the calculation of
the pressure distribution.

The heat � ux qw to the body is calculated by averaging the en-
ergy of the molecules impinging on the surface. The heat � ux was
normalized by 1

2
½1U 3

1, which corresponds to 2 MW/m2 for the
freestream conditions, and which is presented in terms of dimen-
sionless heat transfer coef� cient ch . The heat transfer coef� cient
ch was based on the gas–surface interaction model of fully accom-
modated, completely diffuse reemission. This is the most common
model assumed, even though it is well known that some degree
of specular reemission and less than complete accommodation are
more realistic assumptions. Furthermore, care should be taken in
choosing the thermal accommodation coef� cient for different alti-
tude ranges, because the value of a thermal accommodation coef� -

Fig. 13 Heat transfer coef� cient as a function of the arc length for the
circular cylinder and for various power-law leading edges.

Fig. 14 Heat transfer coef� cient as a function of the body slope angle
for the circular cylinder and for various power-law leading edges.

cient has a signi� cant impact on the predictedaerodynamicheating,
as pointed out by Gilmore and Harvey.25

The heat transfer coef� cient ch is illustrated in Fig. 13 as a func-
tion of the dimensionless distance s=¸1 along the surface mea-
sured from the stagnation point. The leading-edge geometry effect
is demonstratedby comparing the computationalresults for the cir-
cular cylinder and for the power-law shapes. Note that the heat
transfer coef� cient is sensitive to the power-law exponent n near
the stagnation point. The maximum value occurs at the stagnation
point and drops off sharply a short distance away from the leading
edge as the power-law exponent increases.The leading-edgegeom-
etry effect can also be seen by comparing the computational results
with these predicted by free-molecular� ow. Figure 14 presents this
comparisonfor the heat transfer coef� cient as a functionof the body
slope angle µ . These curves indicate that the heat transfer coef� cient
increases as the leading edge becomes aerodynamically sharp and
approaches the free-molecularvalue for the conditions investigated
in this work, a behavior observed earlier in the other properties.
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Fig. 15 Heat transfer coef� cient as a function of the arc length for
various power-law leading edges.

According to the literature,26 theoretical formulations, experi-
mental data, and semi-empirical formulas all agree that the heat
� ux at the stagnationpoint of a blunt body varies inversely with the
square root of the nose radius. To verify this dependence, the prod-
uct ch

p
.Rc=¸1/ is obtained from the DSMC results for the power-

law shapes investigated, where Rc is the local radius of curvature.
Figure 15 presents this product as a function of the dimensionless
arc length along the body surface. As would be expected, the de-
pendence of the heat transfer coef� cient on the radius of curvature
in the stagnation region does not hold for power-law leading edges
de� ned by n > 1

2 . However, for the only case of � nite radius of cur-
vature at the stagnation point, the n D 1

2 case, the heat � ux to the
body follows the qualitative behavior predicted by the continuum
theory for a classical blunt body. Furthermore, it is seen that the
heat � ux to the body is inversely proportional to the square root of
the curvature radius of the power-lawshapes far from the stagnation
region, independentlyof the power-law exponent.

The skin friction ¿w on the body is calculated by averaging the
parallel momentum transfer of the molecules impinging on the sur-
face. Results are normalized by 1

2 ½1U 2
1 and presented in terms of

the dimensionless skin-friction coef� cient c f and the dimension-
less distance s=¸1 along the surface measured from the stagnation
point. The leading-edgegeometry effect on the skin-frictioncoef� -
cient is illustratedin Fig. 16 forvariouspower-lawexponentsand for
the circular cylinder. Along the surface, the value of c f starts from
zero at the stagnation point, increases to a maximum value near the
leading edge, and decreases downstream along the body surface. A
larger n leads to a higher peak value for the skin-frictioncoef� cient.
Also, a larger n displaces the peak value close to the stagnation
point. The skin-frictioncoef� cient presents interestingfeatures as it
is plotted as a function of the body slope angle µ . Figure 17 shows
these features, as well as a comparison with the skin-frictioncoef� -
cient, by assuming free-molecular � ow. Note that the skin-friction
coef� cient predicted by free molecular-� ow exhibits the maximum
value at 45 deg. Similarly, the maximum values for the power-law
leading edges occur very close to the same station, that is, 45 deg.
Attention should be paid to the 45-deg station corresponding to a
completely different arc length s=¸1 as the power-law exponent
increases from 1

2 to 0.8. As a point of reference, the slope angle of
45 deg for a circular cylinder and power-law exponents of 1

2 and
0.8 corresponds to s=¸1 ¼ 4:0, 1.0, and 0.007, respectively. Thus,
for a power-law exponent of 0.8, the peak value for the skin friction
occurs in a location almost three orders of magnitude closer to the
stagnationpoint than that for either the power-law exponent of 1

2 or
for the circular cylinder.

Fig. 16 Skin-friction coef� cient as a function of the arc length for the
circular cylinder and for various power-law leading edges.

Fig. 17 Skin-friction coef� cient as a function of the body slope angle
for the circular cylinder and for various power-law leading edges.

The total drag coef� cient cd was obtained by the integration of
the pressureand shear stress distributionsfrom the nose of the lead-
ing edge to the station L (see Fig. 1), which corresponds to the
tangent point common to all of the body shapes. The total drag
is divided into its components of pressure drag and skin-friction
drag. Note that the values for the total drag presented in this section
were obtained by assuming that the shapes acted as leading edges.
Therefore, no base pressure effects were taken into account on the
calculations.Figure 18 illustrates the total drag coef� cient, normal-
ized by 1

2 ½1U 2
1 H , as a function of the power-law exponent n. As

n ! 1
2 , the pressure drag contribution to the total drag coef� cient

is larger than that presented by the skin-frictiondrag, a characteris-
tic of a blunt body. However, as n ! 0:8, the total drag coef� cient
is dominated by the skin-friction drag, a characteristic of a sharp
body. Because the net effect on total drag dependson these opposite
behaviors,appreciablechangesare observed in the total drag coef� -
cient for the power-lawexponentrange investigated.As a reference,
the drag coef� cient for the n D 1

2 case is around 17% higher than
that for the n D 0:8 case. For the circular cylinder case (not shown),



SANTOS AND LEWIS 925

Fig. 18 Pressure drag, skin-friction drag, and total drag coef� cients
as a function of the power-law exponent.

the pressure drag, the skin-friction drag, and the total drag coef-
� cient are 1.333, 0.169, and 1.502, respectively. Thus, compared
to the power-law shapes, the circular cylinder presents a high value
for the total drag coef� cient, where the major contribution is given
by the pressure drag coef� cient.

Conclusions
Through the use of DSMC method, the � ow structureand the sur-

face quantitiesabout power-law shapes have been investigated.The
calculationsprovided information concerningthe nature of the � ow
at the vicinityof the nose resulting from variationsin the body shape
for the idealized situation of two-dimensional hypersonic rare� ed
� ow. Performance results for power-law exponentsof 1

2 , 0.6, 2
3 , 0.7,

3
4
, and 0.8 were comparedto that of the correspondingcircularcylin-

der that de� ned their geometries. Very detailed descriptions of the
� ow properties,such as velocity,density, temperature,and pressure,
were presented separately in the stagnation region of the power-law
shaped leading edges by a numericalmethod that properlyaccounts
for nonequilibriumeffects.

It was observed that the shape of the leading edge disturbed the
� ow� eld far upstream, as compared to the freestream mean free
path, and the domain of in� uence decreased as the leading edge be-
came aerodynamicallysharp. The simulations con� rmed the quali-
tative behavior of the pressure gradient predicted by the Newtonian
theory. It was found that the pressure gradient along the body sur-
face goes to zero at the nose of the leading edge for n < 2

3 ; it is
� nite for n D 2

3
and goes to minus in� nite for n > 2

3
. Thus, there is

a class of power-law shapes, n > 2
3 , that produces a � ow� eld that

does not exhibit classical blunt-body behavior, and the shapes can
be considered sharp for the calculation of the pressure distribution.
In this context, shapes given by 1

2 < n · 2
3 correspond to geometri-

callyandaerodynamicallybluntbodies.Nevertheless,for 2
3

< n < 1,
the shapes correspond to geometrically blunt and aerodynamically
sharp bodies. Finally, it was found that the stagnation point heat-
ing for power-law leading edges with a � nite radius of curvature
followed the relation predicted by the continuum theory. For those
power-law leading edgeswith zero radii of curvature,the stagnation
point heating is not a functionof the radiusof curvature in the vicin-
ity of the nose but agrees with the continuum prediction far from
the stagnation point for the leading edges investigated.
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